5" grade

Task 5 Fractions

Student Position fractions along a number line and justify their placements.
Task

Core Idea Understand numbers, ways of representing numbers, relationships
1 among numbers, and number systems.

Number * Use models, benchmarks, and equivalent forms to judge the size
Properties of fractions

* Understand the place-value structure of the number system
including being able to represent and compare fractions
* Communicate mathematical thinking clearly and coherently
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Fractions

This problem gives you the chance fo:
» show the position of fractions on a number line

» compare the sizes of fractions

Here 1s a number line.

f T t
2

. 2 2 :
1. Mark the position of the two fractions 3 and T on the number line.

2. Explain how you decided where to place % and £ on the number line.

3. Whach of the two fractions, % or . 1s nearer to ;—?

Explain how you figured it out.
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Fractions Rubric
The core elements of performance required by this task are:
» show the position of fractions on a number line
» compare the sizes of fractions
section
Based on these, credit for specific aspects of performance should be assigned as follows points points
1. Fractions correctly marked on the number line:
2/5 to the left of 1/2 1 ; 2 1
2/3 to the right of 1/2 S 3 1 )
2. Gives correct explanation such as: 1
2/5 is less than 1/2 and 2/3 is more than 1/2 1
Accept explanations based on diagrams.
3. Gives correct answer: 2/5 dependent on some correct explanation/work 1
Shows work such as:
2/3 =20/30 2
2/5=12/30
1/2 =15/30
so 2/5 is nearer to 1/2
or
Accept diagrams showing the line divided into 5 equal parts, and three )
equal parts, with 2/3 and 2/5 correctly marked.
Partial credit
Correct reasoning with arithmetical errors. (1)
3
Total Points 6
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Looking at Student Work on Fractions:

Students had a variety of strategies to help them make sense of the size of fractions in this
task. Student A converts the fractions to common denominators and uses the equivalent
fractions to compare size. The student was able to make the comparison and then reduce
that answer to lowest terms when describing the process in part 3.(15/30 —12/30=3/30 or
1/10; 20/30-15/30=5/30 or 1/6)

Student A

Here is a number line.

1. Mark the position of the two fractions % and % on the number line.

2. Explain how you decided where to place -§— and —5% on the number line.
e |  Qeno
) ! |

_QLbﬁﬁo ﬂ.d "_-;.. X1 m‘l‘ 20 % 'g 3‘-\%!‘ F.and ‘IIO
* E ¥h = on ot

r _I Cbmpaheé Jhose -hvo nu mbers ud g

| . 2 2 .Y r
‘3. Which of the two ﬁactlons, 5 5 is nearer to %- ? . o /

Explain how you figured it out.

Mﬁ_lmméimm -
% ot of =, v‘vous © off of % SQ I

'%’ ‘s claser,.. V et
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Student B is able to convert the fractions to percents to locate and compare the fractions.
Notice that the number line has been labeled with percents.

Student B n
v
Here is a number line. - 2‘/ : ‘// “
. s

T S W . VR 24

! e e 3, wug, Ifﬁé o, mga’/oalf;f a7 /o H
— 1
2

- . 2 2
1. Mark the position of the two fractions 3 and & on the number line. — / 0

i ————,
2. Expl 2 2 g
. Explain h i 2 ' oy
‘ Xp. ow you decided where to place 3 and 5 on the number line. 5@ 7
Drase 2/ s 6os ard _G0% is  olose dp oS, L 5
AJ“IMAF(Q wa AO/% ans:ﬂ/yl Z/S :S ‘4/00/‘7 o P’Z Qd{ I
% |
2% Y
P
3. Which of the two fractions, -32— or-g—,is nearer to — ¢ ’% / \ \
2
Explain how you figuredit out. 7.
A 2
Becorvse , 28000 ard B i3 06 pudd 22005 5o ati/ 7)) oy
N ‘
e A A YA 2 Y -
£ , .
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Student C converts the fractions to decimals in order to locate the fractions and compare
their value to 1/2.

Student C

T

1
Here is a number line, !
|
i | |bf7‘\' ¢
3+ anp

V

i

A
<

o
.O_]
—_
mld—p
\
)
—»

=

1. Mark the position of the t i 2 2
wo fractions = and T onthe numberline, .

D

2. Explain how you decided wh 2 a0
€re to place -~ and 5 On the number line,

3. Which of the t jons, 2 or 2 ; /
wo fractions, 3% ,‘IS n‘efrer to %u ? 2. 5/

Explain how you figured i X
gured it out. BQ(;O X0

&
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Student D uses the definition of fractions, where the denominator indicates the number of
equal size parts to make a fairly accurate model to locate and compare the fractions.

Student D
v
Here i ber li = ‘ /
ere is a number line. 3
v/ @ ol
0 a 1z 1 |
2 8 S
\
1. Mark the position of the two fractions —g- and % on the number line. \

v

2. Explain how you decided where to place % and % on the number line,

L AW ed dhe. Nop pack o€ Yhe line A
N0 0B and matved B anA duided
e atkam gart o€ Ve Viae inde® Bl

ord maneed o v
. 2 2 -?; V4 : ’
3. Which of the two fractions, 5 T5 is nearer to -%~ ? s v
Explain how you figured i out. \/ 9

On #e_aumper Vine Yhe dagn Mer ~ -, |
f‘\qr\cs = s Sarther Q'foml' -\Me,n -H«c, A&oEW
Yha®  wec\s %.J
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Student E also uses a common denominator to accurately compare the fractions. The
denominator is slightly unusual, so the original scorer did not recognize the equivalent
values and reasoning.

Student E
- ] |I
Here is a number line. \/ / / / ( ‘ %
f N } |
0 5 7 3 1

. 2 2 .
1. Mark the position of the two fractions ~ and 5 onthe number line.

2. Explain how you decided where to place % and % on the number line. [
{ s s L
ool %z 5 o Libkle wmove.. -

v

. . 2 .
3. Which of the two fractions, % or =, is nearer to % ?

Explain how you figuged it out.
. . 10 ‘
1 Copured & ouk by Chovging Zzbo /s ond 7c to

brs . 6’/1\5 s oser t0 7.5 Haon 10 co %5 3 c\gggggj

% .
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Student F is able to compare the fractions to benchmark numbers, like 1/2 and 1 to locate
the fractions on the number line. The student does a good job of comparing 2/5 to 1/2, but
does not complete the comparison by measuring the distance of 2/3 to 1/2.

Student F
Here is a number line.
) T 3’ J 3 ‘
0 24 F T
zz2 3

2 .
1. Mark the position of the two fractions % and 5 onthe number line.

2. Explain how you decided where to place ? and — on the number line.

Becacce }5 (S % S0 % n/oa[o/ be Lose - (
and 2 s % awry from f\/lw’e, @

2 ‘\.'.
3.Whichofthctwoﬁacﬁons,%or—g—,isnearerto%? 5 .v/ @ Gj

Explain how you figured it dut. |
Berause s 5 49 % \Jm\{o} be
the neaces T PN 0
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Some students were able to use the definition to locate numbers on the number line.
However they couldn’t use their models accurately enough to make the mathematical

comparison to measure distance from 1/2. Student G tries to use an area model to make the
comparison in part 3.

Student G

Here is a number line.

0

\// .// ) \
s

... . 2 2 .
1. Mark the position of the two fractions 3 and § on the number line. !

2. Explain how you decided where to place 3 and — on the number line. \

T duvided the bae by 3and & et 1
-Hr\m\ﬁ o 4“"‘6 !

= I

X Ao O O

3. Which of the two fractions, —- 2 or : , is nearer to —2—" 'HWQ\/ el 4 W

3
J s 'Z\"\Ce C"\POY‘\‘
Explain how you figured 1t out.

ETJ& *w.lm\' 7\ g ﬁ\a coe A\-S‘}CAY\LQ‘

'((Om Lecov se 3 %'- fils n ‘/5
T{fe -H\rm vs negded o 3@ +o '
-'—heeAS la L.:'}'lo £0 l{)/z Y,
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Student H seems to just know size of the fractions with relationship to 1/2. By simply
reading part 1, a teacher might think the student understood the idea of simple fractions.
However, when reading part 3, the student is clearly thinking about the value of the
individual numerals and not how they combine to make a fractional unit.

Student H

Here is a number line. v S \ \
£ 2 t % B
0 %f 2 Dy 1 ' ]

i 2 2 ber line.
1 Markmcpositionofthetwoﬁacnons 3 and on the num

2 = number line.
2. Explain how you decided where to place = and T on the

A st .
Recavse 2 B \ess VHhon =7 anc\ | ‘

A v
‘l" = \Q(‘Q\,e(‘ Mo 2. =

3

3. W thh 0‘ the two fractions or , Is nearer to e j:__—_-y X C
," 5 2

Explain how you figured it out.

_BPacahe = Ond D OXe Me c\osegk-to'a
Mg vwmbecol aod 2. " .

Students are encouraged to use a lot of tools to help them make sense of fractions, rulers,
number lines, grids, pie graphs, bar models, etc. Student I has used a “fraction kit”, but
without conceptual understanding the kit did not help the student find the correct answers.

Student 1

Here is 2 number line.

f—
0

7 bl

3. 1 o
2

U\&Pé L CN
i

i 2 2 number line.
1. Mark the position of the two fractions and 5 onthe

£ 2 on the number line.
2. Explain how you decided where to place — and & on

7 (
s on Ki '{"0 e H" e
—I USCA Y\\l! racki © ;

X )

-
3 X0 o
X

r 4o -ﬁ{\ A oul

, Is nearer to % ?

s 2 2
3. Which of the two fractions, == or ¢

Explain how you figured {t out. -
T used my Avaction Ki
{
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Student J is able to turn the fractions into equivalent expressions with common denominators, but is
unable to use this information to place the fractions on the number line or compare them to 1/2. A
tool isn’t a tool if the student does not understand it.

Student J

?lﬂ!isamm;berline.;{‘/ %( f j
t o . D Q2 1
; ) % 2

. ‘/ . LS
i'1. Mark the position of the two framons 5 and  on the number line.

12, Explam how you decided where to place —- and 2 on the number line.

E ._ m\n:p(\“m }jrn 40&)l71@"(% ). -

: bR
: Whichofthetwofmaions,% or%,isnearerto -%—? ’E Z b
Explain how you figured it out.
. -
% IS 3‘(60\‘)0( Mg 2 A

itudent K has used a rule to help divide the line into equal parts. In an attempt at thirds, the final
.nark does not quite reach the one whole. In looking at the fifths, it appears the student divided the
line up to 1/2 into 5 parts and the line from 1/2 to 1 into 5 parts. So while the strategy could have
showed an understanding of fractions and led to the correct solution, the student instead reveals
some misunderstandings about identifying the “whole”.

o

Student K
Here is a number line. // S S e {
| 1 l { LI | \ \ \ \1 /
t % t = } t /
0 3 )
1
2
1. Mark the position of the two fractions % and % on the number line.
2. Explain how you decided where to place ? and — on the number line.
O
| ed o ouerxo \e\o o, WY *\\mocoéru\elu C
(\DA(‘\'- ,{
)

. . 2 *
3. Which of the two fractions, % or %, is nearer to %? > ¥_{ ) )(

Explain how you figured n out.
\ \ogeed ot e futfoer e, and say a0
%5 w0S oser Yo Ye 7 wart- than %5, oY
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Student L understands how the denominator effects the size of the fraction, but it not yet
able to combine the value with the meaning of the numerator. The drawings illustrate that
the “2” in 2/3 and in 2/5 was not considered when deciding the size of the fractions.

Student L
Here is a number line. %
T n
Py
5

f

0

wir = X
N|=—p

" . 2 .
1. Mark the position of the two fractions —g- and 5 on the number line.

2. Explain how you decided where to place —g’— and %— on the number line. ¥\ O

I Je.c‘.aul to At (t there bocowse }3', and —2— Gare
¥

X
both wmwaley ¢han = O'C Lourse. didnv pat it

too close to thhe zero ,fm- other Lrac cions YO theve.

x M9 o
3. Which of the two fractions, % or % , is nearer to -;—? é}:; nga_qr' v,

Explain how you figured it out.
JL the oqe.no Mmnoator 'S Smlle,r) the, bmu* 1S,

2, . e
_5'3 (ﬂu-\omlnr.x&m" 15 smaller Eham ?5‘5) so 1t 'S
"

b;\mcr. : o ;
KD
_i
| |
|
i
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Student M is able to make a great diagram to compare fifths and thirds. The diagram looks
exactly like the diagram in the rubric. However, Student M is looking at the space
associated with the fraction rather than using the end of the space to measure the size. This
leads to some confusing answers in the task.

Student M
| VAP
Here is a number l!ne.L‘ 2/5’ !& J ! \ : 0 l
7 T t 00
0 > 1

1. Mark the position of the two fractions 2 and 2

3 T on the number line.

2. Explain how you decided where to place -323— and % on the number line. X D

T osed 3 alcC and [l the ines 1> heh?\/'
T oyl

D
3. Which of the two fractions, % or % , Is nearer to % ? % 3 X x O

Explain how you figured it out.
+ looked At ALy NUMbBer lne a0 ¥O
SR WO ‘(\DQ\’\CM\ \A)asﬁcﬂ(‘e( X D

Student N is only looking at simple whole-number relationships in order to place the
fractions on the number line. The student shows no understanding of fractions.

Here is a mumber line. “// \i[ 0
f T f 1
0 3 3 g' 1 \
1. Mark the position of the two fractions = and -5~ on the number line.
2. E:mlamhowyoudemdedwhcmtoplwe and— on the number line.
2\ B
\s L |

3. Whichofﬂlctwoﬁ'aaions,%or%,lsnearerto%. %X K O(

Explain how you figured it out.
3 s smaler Xnanh, % Va
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Student O also is only thinking about counting numbers in an attempt to order the fractions. |

Student O

Y,

Herelsanumberluyl %L{ 5/ O
/A

0 % 3

—
—

M|—s—>
_’
~

1. Mark the position of the two fractions % and % on the number line.

2. Explain how you dgcided where to place 3 and | ~5— on the number line.

3 Which of the two fractions, i or — 2 , 1s nearer to % % S’( 0

Expd?m ho% you ﬁgEed it W IJ/ l’7+$ /O )-H/Lm X
%+%=7.

Teacher Notes:

™
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Frequency Distribution for Task 5 — Grade 5 - Fractions

Fractions
Mean: 2.38 StdDev: 2.05
4500
4000 4
3500
E 3000 4
% 2500 4
? 2000 4
]
£
3 1500 -
z
1000 4
500 4
0
i] i 2 3 4 5 3]
MARS Task 5 Raw Scores
Score: 0 1 2 3 4 5 6
Student Count | 2201 4147 | 1291 | 1951 494 939 1922
% < = 17.0% |49.0% | 59.0% | 74.1% | 77.9% | 85.2% | 100.0%
% > = 100.0% | 83.0% | 51.0% | 41.0% | 25.9% | 22.1% | 14.8%

The maximum score available for this task is 6 points.
The minimum score for a level 3 response, meeting standards, is 3 points.

Most students, about 82%, could correctly place one of the two fractions on the number
line (usually the 2/3). More than half the students, 52%, could locate both fractions on the
correct side of 1/2 on the number line. Almost half the students, 42%, could also give a
mathematical reason for placing the fractions on the number line. 16% of the students could
meet all the demands of the task, including comparing the size of both fractions to 1/2 and
explain which was closer. 18% of the students scored no points on this task. 82% of the
students with this score attempted the task.
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Fractions

Points Understandings Misunderstandings

0 82% of the students with this score | Students tended to think about the whole-

attempted the problem. number values of the parts rather than fractional
values. Some reversed the fractions, some put
both fractions larger than 1. Some put marks on
the line to indicate the place for the fractions,
but with no label to identify what fraction each
mark represented.

1 Students could correctly place 20% of the students put 1/2, 2/3, 2/5 and
one of the fractions on the then 1. 5% put 1/2, 2/5, 2/3, and then 1.
correct side of 1/2. Students seemed to be thinking about the

2’s are larger than the 1 in 1/2 or looking at
the size of the numbers in the denominator.

2 Students could correctly place They could not give a complete justification
both fractions on the proper side | for the placement.
of 1/2.

3 Students could correctly place Students had difficulty comparing the size
the fractions on the number line | of the fractions to 1/2, which is closer.
and give a mathematical reason | More than 1/2 the students thought 2/3 was
for the placement, like using closer. Most of the students who picked 2/5
decimals, common used reasons that showed no mathematical
denominators, or dividing the understanding of the size of the fractions.
line into 3 parts and 5 parts. So, they might say 2/3 is more than 1/2 so

2/5 is closer. Some said 2/5 = 1/2, 2/3 looks
more like 1/2, and numbers should go 3,4,5.
Some attempted to use their diagrams, but
the diagrams were not measured accurately
enough to make the correct conclusion.

6 Students could locate fractions

on a number line and compare
fractions to 1/2. They
understood the size of the
fractions and could explain why
the 2/5 was closer to 1/2.

About half the students, who
could reason about the size,
used an argument about
dividing the line into 3 and 5
equal parts and compared the
distances on their diagrams.
About 22% of the students were
able to use common
denominators to reason about
the size. Another 22% used
percents or decimals to make
the comparison.
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Based on teacher observation, this is what fifth graders knew and were able to do:
* Most knew that 2/3 was larger than 1/2 and could place it on the correct side of 1/2
on the number line.
* Many students knew that 2/5 was smaller than 1/2 and could place it on the correct
side of 1/2 on the number line.
Areas of difficulty for fifth graders:
Explaining how to place the numbers on the number line
* Comparing fractions to 1/2
* Making a mathematical reason for which fraction is closer to 1/2
* Understanding the meaning of the denominator and how that effects the size of the
fraction
* Understanding the meaning of the numerator and how that effects the size of the
fractions
* Using a number line model (some students needed to make other models, like pie
graphs, to help them think about the size of the fractions)
Strategies used by successful students:
* Using the definition of denominator to divide the line into equal parts
* Converting fractions into equivalents with common denominators
* Converting fractions to decimals or percents
* Reasoning about the size of half the denominator to determine whether a fraction
was more or less than one half

Questions for Reflection on Fractions:

*  What experiences do you students have to help them understand the meaning of
fractions? Do they understand and have a working definition for numerator and
denominator? Do they understand the relationship between the numerator and the
denominator? Do they understand the value or quantity of a fraction?

*  What types of representations do your students regularly use to make sense of
fractions? Do they use sets of objects, number lines, pie graphs, geometric shapes,
rulers, measuring cups, bar models, and /or fraction kits? Looking at student work,
what do your students seem to understand and misunderstand about these models?
Could they use any of these models to help them reason about the relative size of
the fractions?

Look at student work on the number line. How many of your students could:

Put both
fractions on

the correct
sides of 1/2

Both fractions
to the right of
1/2

Both fractions
to the left of
1/2

Made 1
fraction equal
to 1/2

Put one or
more fractions
larger than 1

What does this tell you about students’ understanding of fractions? What information
are they missing?
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Now look at their reasoning for placing the fractions on the number line. How many of
their reasons were:

Dividing | Reasoning | Common Decimals | Incomplete | Reasoning | Other
line into | about the denominators, | or explanation, | about
equal fractions percents | but could whole
parts being more have led to | number
or less than correct properties
172 answer (e.g. 3is
more than
2)
Look at student work on comparing fractions. How many of your students:
Divided Reasoned | Common Decimals | Picked Picked Other
line into about the denominators, | or 2/5, but 2/3
equal fractions percents | for a
parts being reason
more or not
less than relating to
1/2 task

Now, what do you think your students understand about the meaning of fractions and their
relative sizes or quantities?

Implications for Instruction:

Most of the students’ experiences with number have been whole numbers and it is difficult
for them to understand fractions and how they operate. This is true in part because
fractions can be used in a variety of ways. For example, 1/3 can be a part of a whole: 1/3
of a pie; a part of a collection: 1/3 of the team, a measurement: 1/3 of a cup of sugar; a
division: 1 divided by 3; a rate or ratio: 1 part juice to 3 parts water; a probability: 1 chance
in 3, or a pure number: part way between 0 and 1/2. To understand fractions students need
to be able to identify the “whole unit”. (In this task many students divided the distance
between 0 and 1/2 into five parts instead of the distance between 0 and 1.)

The size of fractions also works differently from whole numbers. The larger the
denominator is the smaller the size of each piece. The smaller the denominator is the
larger the size of each piece. Without lots of experiences this is counter-intuitive to
students. Care must be taken when moving from using unit fractions to non-unit fractions
and from comparing unit fractions with unit fractions to comparing unit fractions with non-
unit fractions and non-unit fractions with non-unit fractions. For example students need
many experiences comparing the quantity of such fractions as 1/5 and 3/5 versus 1/3 and
1/5.
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Some things in mathematics must be explicitly conveyed to students. One such piece of
information is that fractions means something or some group is divided into equal parts.
There is nothing inherent in the word fraction that implies equal parts. The denominator
tells what is being measured (number of equal-size groups or equal-size parts). Students
need to also learn the meaning of the numerator as fixing the number of pieces or groups
being considered. Students should then be able to start thinking about the relative size of
fractions compared to certain benchmarks). So 2/5 is less than 1/2, because half of 5 is 2
1/2. 2/3 is more than 1/2 because half of 3 is 1 1/2. Comparing and reasoning about the
size of fractions compared to the benchmarks of 0, 1/2, and 1 are important to help students
develop this relational reasoning. Also, students need to learn early in the introduction
about fractions larger than 1 and where they fit on the number line. They should be given
opportunities to think about 2 1/3 or 3 1/2 in even their earliest experiences.

Students need to be exposed to a variety of models for making sense of fractions. Circles,
rectangles, pattern blocks, geoboards, and grid paper can be used to represent region or area
models. Fraction strips, Cuisenaire rods, and number lines can be used to represent length
or measurement models. Pie graphs, while useful for some fractions, are limiting because
many fractions are difficult to draw accurately with that model. All models have some
limitations. For example, when making bar models students do not always make the bars
the same size so comparisons are not accurate. It is important for students to maintain and
understand the idea of the “whole”.

Fractions are also confusing, because they are used in a variety of ways and for a variety of
purposes and because they do not represent a specific, absolute value. Rather they
represent a comparison to some whole unit. So 1/2 of a small pizza might be smaller than
1/3 of a large pizza. 1/3 of the amount of money I have in the bank, might be different
from 1/3 of the amount of money my friend has in the bank. Students need to have explicit
conversations about identifying and labeling the “whole”. When learning about the
meaning of fractions, the teacher should focus on all the relevant relationships. Many
textbooks illustrate fractions with geometric figures when the fractional parts are shaded.
The text will talk about 1/5 means one out of 5 equal parts, but often ignore the other
relationships shown in the same illustration. Teachers need to help students make the other
connections. If 1/5 is shaded, then 4/5 is not shaded. 1/5 plus 4/5 equals one whole.

Students need to learn and understand a variety of strategies for comparing fractions. One
way 1s to change fractions to equivalents with common denominators. For example to
compare 2/3 and 8/15, a student might change the denominators to 15ths, so 2/3 = 10/15,
which is more than 8/15. However, the student might also choose to make the numerators
the same, so 2/3=8/12. Since twelfths are larger pieces than fifteenths, 8/12 is larger than
8/15. When students are working with equivalent fractions, often too much focus is given
to procedure rather than understanding. Many students can change fractions to different
denominators, multiplying the top and bottom numbers of the fraction by the same number.
However, interviews with students show that they do not understand that this procedure is
giving them equal fractions. Much research shows that students will tell you that the two
fractions are different sizes.

Many students find it easier to change fractions into decimals or percents to make
comparisons, because size for these numbers works in ways more similar to methods for
comparing whole numbers. So, in the task given, 2/5= 0.4, which is less than 1/2=0.5.
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